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Abstract
We construct a variety of off-shell N=8, d=1 supermultiplets with finite numbers
of component fields as direct sums of properly constrained N=4, d=1 superfields.
We also show how these multiplets can be described in N=8, d=1 superspace where
the whole amount of supersymmetry is manifest. Some of these multiplets can be
obtained by dimensional reduction fromN=2 multiplets in d=4, whereas others can-
not. We give examples of invariant superfield actions for the multiplets constructed,
including N=8 superconformally invariant ones.
1 Introduction
Supersymmetric quantum mechanics (SQM) [1] is relevant to a vast bunch of phenomena
associated with supersymmetric theories in diverse dimensions and string theory (see
e.g. [2, 3] and references therein). In particular, superconformal quantum mechanics
(SCQM) [4]–[9], [3] has profound implications in the AdS/CFT [10] and black holes arena
(see e.g. [11]–[18]). It is also closely related to the integrable Calogero-Moser-type systems
[19, 20]. Taking into account these and some other uses, the construction and analysis of
new SQM models (including SCQM models) is an urgent and interesting task with many
potentially important outcomes.
Most of the SQM models explored to date possess N≤4, d=1 supersymmetries. Much
less is known about higher-N SQM models. Some of them were addressed many years
ago in the seminal paper [21] within an on-shell Hamiltonian approach, some others (with
N=8) received attention lately in connection with branes and black holes [22, 23, 34],
and as effective theories describing low-energy dynamics of BPS monopoles in N=4 super
Yang-Mills theory [24]. N=4 and N=8 SQM models were also used to describe N=1 and
N=2 four-dimensional supersymmetric gauge theories in a small spatial volume (see [25]
and references therein).
The natural formalism for dealing with supersymmetric models is the off-shell su-
perfield approach. Thus for the construction of new SQM models with extended d=1
supersymmetry, one needs, first of all, the complete list of the corresponding off-shell d=1
supermultiplets and the superfields which comprise these multiplets. One of the peculiar-
ities of d=1 supersymmetry is that some of its off-shell multiplets cannot be obtained via
direct dimensional reduction from the multiplets of higher-d supersymmetries with the
same number of spinorial charges. Another peculiarity is that some on-shell multiplets
of the latter have off-shell d=1 counterparts. Taking into account these and some other
specific features of d=1 supersymmetry, it is desirable to have convenient self-consistent
methods of deducing d=1 off-shell multiplets and relevant superfields directly within the
d=1 setting, without resorting to dimensional reduction.
One of such methods was proposed in [6] and further advanced in recent papers [7, 8, 9].
It is based on nonlinear realizations of the finite-dimensional superconformal groups in
d=1 (see also [11]). The irreducible superfields representing one or another off-shell d=1
supermultiplet come out as the Goldstone superfields parametrizing one or another coset
manifold of the proper d=1 superconformal group. The superfield irreducibility con-
straints naturally emerge as a part of manifestly covariant inverse Higgs [26] conditions
on the relevant Cartan superforms. This method is advantageous in that it automati-
cally specifies the superconformal properties of the involved supermultiplets, which are of
importance, e.g. when constructing the SCQM models associated with these multiplets.1
In [8], the full set of off-shell N=4 supermultiplets with 4 physical fermions (and a fi-
nite number of auxiliary fields) was deduced, proceeding from nonlinear realizations of the
1Sometimes, there is no need to proceed just from superconformal algebras for deducing the correct
superfield irreducibility conditions; one can make use of much simpler superalgebras which are related to
the superconformal ones via a contraction and include as subalgebras the corresponding d=1 Poincare´
superalgebras (see [8] for an instructive example).
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most general N=4, d=1 superconformal group D(2, 1;α) in its various coset superspaces.2
Besides already known N=4 multiplets, some new off-shell multiplets were found within
this setting, viz. nonlinear ‘tensor’ and nonlinear chiral N=4 multiplets. The application
of the same method to the less studied case of N=8, d=1 supersymmetry was initiated
in [9]. There we considered nonlinear realizations of the N=8, d=1 superconformal group
OSp(4⋆|4) in its two different cosets and showed that two interesting N=8, d=1 multi-
plets, with off-shell field contents (3, 8, 5) and (5, 8, 3), naturally come out as the
corresponding Goldstone multiplets. We constructed superconformally invariant actions
for these multiplets in N=4, d=1 superspace and revealed a surprising phenomenon which
consists in the following. The same N=8, d=1 supermultiplet admits a few non-equivalent
splittings into pairs of irreducible off-shell N=4, d=1 multiplets, such that different N=4
superconformal subgroups of OSp(4⋆|4), viz. SU(1, 1|2) and OSp(4⋆|2), are manifest for
different splittings. Respectively, the off-shell component action of the given N=8 multi-
plet in general admits several different representations in terms of N=4, d=1 superfields.
The basic aim of the present paper is to give a superfield description of all other linear
off-shell N=8, d=1 supermultiplets with 8 fermions, in both N=8 and N=4 superspaces.
Towards deriving an exhaustive list of off-shell N=8 supermultiplets and the relevant
constrained N=8, d=1 superfields, we could proceed in the same way as in the case of
N=4 supermultiplets in [8], i.e. by considering nonlinear realizations of all known N=8
superconformal groups in their various cosets. However, this task is more complicated
as compared to the N=4 case, in view of the existence of many non-equivalent N=8
superconformal groups (OSp(4⋆|4), OSp(8|2), F (4) and SU(1, 1|4), see e.g. [28]), with
numerous coset manifolds.
In order to avoid these complications, we take advantage of two fortunate circum-
stances. Firstly, from the results of [29, 30] it follows that the field contents of linear
off-shell multiplets of N=8, d=1 supersymmetry with 8 physical fermions range from
(8, 8, 0) to (0, 8, 8), with the intermediate multiplets corresponding to all possible divi-
sions of 8 bosonic fields into physical and auxiliary ones. Thus we are aware of the full list
of such multiplets independently of the issue of their interpretation as the Goldstone ones
parametrizing the proper superconformal cosets. Besides the two extreme possibilities,
(a) (8, 8, 0) , (b) (0, 8, 8) , (1.1)
we have seven further ones,
(c) (7, 8, 1) , (d) (6, 8, 2) , (e) (5, 8, 3) , (f) (4, 8, 4) ,
(g) (3, 8, 5) , (h) (2, 8, 6) , (i) (1, 8, 7) . (1.2)
The superfield description of the multiplets (1.2e) and (1.2g) was given in [9]. The super-
field description of the remaining multiplets is just the subject of the present paper.
The second circumstance allowing us to advance without resorting to the nonlinear
realizations techniques is the aforesaid existence of various splittings of N=8 multiplets
into pairs of irreducible N=4 supermultiplets. We know how to represent the latter
2Two other N=4, d=1 superconformal groups, SU(1, 1|2) and OSp(4⋆|2), can be treated as special
cases of D(2, 1;α), with α=0 or −1 and α=1, respectively [27, 28].
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in terms of constrained N=4 superfields, so it proves to be a matter of simple algebra
to guess the form of the four extra supersymmetries mixing the N=4 superfields inside
each pair and extending the manifest N=4 supersymmetry to N=8. After fixing such
pairs, it is again rather easy to embed them into the appropriately constrained N=8, d=1
superfields. Beyond this, one can wonder how to reproduce these superfields within the
superconformal coset techniques, as it was done for the multiplets (1.2e) and (1.2g) in [9].
We hope to return to the analysis of this important question elsewhere.
The paper is organized as follows. In the preparatory Section 2 we list all the known
finite-dimensional off-shell multiplets of N=4, d=1 Poincare´ supersymmetry and recall
their N=4 superfield formulations, with the corresponding constraints [8]. In Section 3
we sketch the construction of the N=8, d=1 superspace most suitable for our purposes.
Section 4 is split into nine subsections related to the nine different N=8 off–shell multiplets
we are considering. There we describe the structure of the multiplets in terms of N=4 and
N=8 superfields. In particular, we construct the corresponding irreducibility constraints
in N=4 superspace, as well as the implicit N=4 Poincare´ supersymmetry transformations,
completing the manifest ones to the full N=8 supersymmetry. Invariant free actions are
also constructed for all N=8 supermultiplets, and interaction terms are given for a few of
them.
2 N=4, d=1 supermultiplets
In this Section, based upon Ref. [8], we tabulate all possible off-shell multiplets ofN=4, d=1
supersymmetry with finite number of component fields and the corresponding superfields
as Goldstone multiplets of the nonlinearly realized most generalN=4, d=1 superconformal
group D(2, 1;α) (for the generic α or for some special values of this parameter).
We use the following definition of the N=4, d=1 spinor derivatives
Di =
∂
∂θi
+ iθ¯i∂t , Di =
∂
∂θ¯i
+ iθi∂t ,
{
Di, Dj
}
= 2iδij∂t . (2.1)
Sometimes it will be more convenient to use the quartet form of the same derivatives:
Dia =
∂
∂θia
+ iθia∂t ≡ (Di, D¯i) , θia ≡ (θi,−θ¯i) . (2.2)
Respectively, there are two equivalent parametrizations of the N=4, d=1 superspace
R
(1|4) = (t, θi, θ¯
k) = (t, θia) . (2.3)
In the Table below, besides the field content of multiplets and the corresponding
superfields, we also indicate to which coset of the internal R-symmetry SU(2) of the
N=4, d=1 Poincare´ superalgebra the physical bosonic fields (or a subset of them) can
belong and whether one of these fields can be identified with the Goldstone coset field
(dilaton) associated with the dilatation generator ⊂ D(2, 1;α). On all these multiplets,
except for the chiral one, the supergroup D(2, 1;α) can be realized at any value of the
parameter α. The N=4, d=1 chirality is compatible only with the choice of the supergroup
SU(1, 1|2) as the superconformal one.
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N=4 supermultiplets
multiplet content R symm. dilaton α SF
‘old tensor’ (1, 4, 3) – yes any u
chiral (2, 4, 2) c.charge yes 0,−1 φ, φ¯
nl. chiral (2, 4, 2) su(2)/u(1) no any Λ, Λ¯
tensor (3, 4, 1) su(2)/u(1) yes any V ij
nonlinear (3, 4, 1) su(2) no any N ia
hyper (4, 4, 0) su(2) yes any qi, q¯i
ferm. hyper (0, 4, 4) – no any ξa, ξ¯a
The constraints read as follows:
• ‘Old Tensor’: DiDiu = DiDiu = 0
(Note:
[
Di, Di
]
u = const; generic α is compatible only with const = 0, otherwise
α = 0 or −1)
• Chiral: Diφ = Diφ¯ = 0
(Note: it exists only for [D(2, 1;−1) or D(2, 1; 0)] ∼ su(1, 1|2)× su(2))
• Nonlinear Chiral: D1Λ = −ΛD2Λ, D2Λ = ΛD1Λ (and c.c.)
• Tensor: D(iV jk) = D(iV jk) = 0
• Nonlinear: Na(iDjNk)a = Na(iDjNk)a = 0 , NaiNai = 2
• Hypermultiplet: D(iqj) = D(iqj) = 0 (and c.c.)
• Fermionic Hypermultiplet: D(iξj) = D(iξj) = 0 (and c.c.)
3 N=8, d=1 superspace
The maximal automorphism group of N=8, d=1 super Poincare´ algebra (without central
charges) is SO(8) and so eight real Grassmann coordinates of N=8, d=1 superspace R(1|8)
can be arranged into one of three 8-dimensional real irreps of SO(8). The constraints
defining the irreducible N=8 supermultiplets in general break this SO(8) symmetry. So,
it is preferable to split the 8 coordinates into two real quartets
R
(1|8) = (t, θia, ϑαA) , (θia) = θ
ia, (ϑαA) = ϑ
αA, i, a, α, A = 1, 2 , (3.1)
in terms of which only four commuting automorphism SU(2) groups will be explicit. The
further symmetry breaking can be understood as identification of some of these SU(2),
while extra symmetries, if exist, mix different SU(2) indices. The corresponding covariant
derivatives are defined by
Dia =
∂
∂θia
+ iθia∂t , ∇αA = ∂
∂ϑαA
+ iϑαA∂t . (3.2)
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By construction, they obey the algebra:3{
Dia, Djb
}
= 2iǫijǫab∂t ,
{∇αA,∇βB} = 2iǫαβǫAB∂t . (3.3)
Note that the direct dimensional reduction from N=2, d=4 superspace to d=1 yields
a superspace with two manifest SU(2) automorphism groups realized on the Grassmann
coordinates: one of them is just the R-symmetry of N=2, d=4 Poincare´ superalgebra and
the other originates from the d=4 Lorentz group SL(2, C). These two SU(2) correspond
to the appropriate identifying of the doublet indices of two groups SU(2) in the above
product of four such groups. In what follows we shall not be bound to any sort of
dimensional reduction; the differential constraints on the relevant N=8, d=1 superfields
will be defined directly within the d=1 setting, in terms of the spinor covariant derivatives
(3.2).
4 N=8, d=1 supermultiplets
As mentioned in Introduction, our real strategy of deducing a superfield description of
the N=8, d=1 supermultiplets (1.1), (1.2) consisted in selecting the appropriate pair of
the constrained N=4, d=1 superfields from those listed in Section 2 and then in guessing
the constrained N=8 superfield which accommodate this pair in a most economical way.
In the Subsections below, just to make the presentation more coherent, we turn the argu-
ment around and start with postulating the N=8, d=1 constraints. The N=4 superfield
formulations will be deduced from the N=8 ones.
4.1 Supermultiplet (0, 8, 8)
The off-shell N=8, d=1 supermultiplet (0, 8, 8) is carried out by two real fermionic N=8
superfields ΨaA,Ξiα subjected to the following constraints:
D(iaΞj)α = 0, D
i(aΨ
b)
A = 0, ∇(αAΞβ)i = 0, ∇α(AΨB)a = 0, (4.1)
∇αAΨaA = DiaΞαi , ∇αAΞiα = −DiaΨAa . (4.2)
In order to understand the structure of this supermultiplet in terms of N=4 superfields
and to prove that the above constrained N=8 superfields indeed carry the irreducible off-
shell field content (0, 8, 8), we proceed as follows. As the first step, let us single out the
N=4 subspace in the N=8 superspace R(1|8) as the set of coordinates
R
(1|4) = (t, θia) ⊂ R(1|8), (4.3)
and expand the N=8 superfields over the extra Grassmann coordinate ϑαA. Then we ob-
serve that the constraints (4.2) imply that the spinor derivatives of all involved superfields
with respect to ϑαA can be expressed in terms of spinor derivatives with respect to θia .
3We use the following convention for the skew-symmetric tensor ǫ: ǫijǫ
jk = δki , ǫ12 = ǫ
21 = 1 .
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This means that the only essential N=4 superfield components of ΨaA and Ξiα in their
ϑ-expansion are the first ones
ψaA ≡ ΨaA|ϑ=0 , ξiα ≡ Ξiα|ϑ=0 . (4.4)
These fermionic N=4 superfields are subjected, in virtue of eqs. (4.1) and (4.2), to
the irreducibility constraints in N=4 superspace
Da(iξj)α = 0, Di(aψb)A = 0 . (4.5)
As follows from the list of Section 2, these superfields are just two fermionic N=4 hyper-
multiplets, each carrying (0, 4, 4) independent component fields. So, being combined
together, they accommodate the whole off-shell component content of the N=8 multiplet
(0, 8, 8), which proves that the N=8 constraints (4.1), (4.2) are the true choice.
Thus, from the N=4 superspace perspective, the N=8 supermultiplet (0, 8, 8)
amounts to the sum of two N=4, d=1 fermionic hypermultiplets with the off-shell com-
ponent content (0, 4, 4) ⊕ (0, 4, 4).
The transformations of the implicit N=4 Poincare´ supersymmetry, completing the
manifest one to the full N=8 supersymmetry, have the following form in terms of the
N=4 superfields defined above:
δψaA =
1
2
ηAαDiaξiα, δξ
iα = −1
2
ηαAD
i
aψ
aA. (4.6)
The compatibility of (4.6) with the constraints (4.5) is verified using the following
corollaries of these constraints:
DiaDjbψcA = 2iǫijǫcbψ˙aA, DiaDjbξkα = 2iǫabǫkj ξ˙iα. (4.7)
The invariant free action can be written as
S =
∫
dtd4θ
[
θiaθbiψ
A
a ψbA + θ
iaθjaξ
α
i ξjα
]
. (4.8)
Because of the presence of explicit theta’s in the action (4.8), the latter is not man-
ifestly invariant even with respect to the manifest N=4 supersymmetry. Nevertheless,
one can check that (4.8) is invariant under this supersymmetry which is realized on the
superfields as
δ∗ψaA = −εjbQjbψaA, δ∗ξiα = −εjbQjbξiα, (4.9)
where
Qia =
∂
∂θia
− iθia∂t , (4.10)
εia is the supertranslation parameter and
∗ means the ‘active’ variation (taken at a fixed
point of the N=4 superspace). Actually, the action (4.8) can be given the manifestly
N=4 supersymmetric form as a sum of two integrals over the appropriate harmonic ana-
lytic subspaces of N=4, d=1 superspace (see [31]). Below we will employ this equivalent
harmonic superspace form of the off-shell action of the fermionic hypermultiplet (Subsec-
tions 4.2 and 4.5), as well as one more its form, as an integral over the chiral N=4, d=1
superspace (Subsection 4.3).
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4.2 Supermultiplet (1, 8, 7)
This supermultiplet can be described by a single scalar N=8 superfield U which obeys
the following irreducibility conditions:
DiaDjaU = −∇αj∇iαU , (4.11)
∇(αi∇β)jU = 0, Di(aDjb)U = 0 . (4.12)
Let us note that the constraints (4.11) reduce the manifest R-symmetry to [SU(2)]3 due
to the identification of the indices i and A of the covariant derivatives Dia and ∇αA.
This supermultiplet possesses a unique decomposition into the pair of the N=4 su-
permultiplets as (1, 8, 7) = (1, 4, 3) ⊕ (0, 4, 4). The corresponding N=4 superfield
projections can be defined as
u = U|ϑ=0, ψiα = ∇αiU|ϑ=0 , (4.13)
and they obey the standard constraints
D(iaψj)α = 0 , Di(aDjb)u = 0 . (4.14)
The second constraint directly follows from (4.12), while the first one is implied by the
relation
∂
∂t
D(ia∇j)α U = 0 , (4.15)
which can be proven by applying the differential operator Dkb∇βl to the N=8 superfield
constraint (4.11) and making use of the algebra of covariant derivatives.
The additional implicit N=4 supersymmetry is realized on these N=4 superfields as
follows:
δu = −ηiαψiα, δψiα = −1
2
ηαj D
iaDjau . (4.16)
The simplest way to deal with the action for this supermultiplet is to use harmonic
superspace [32, 33, 31], at least for the spinor superfields ψiα.
We use the definitions and conventions of Ref. [31]. The harmonic variables parametriz-
ing the coset SU(2)R/U(1)R are defined by the relations
u+iu−i = 1 ⇔ u+i u−j − u+j u−i = ǫij , (u+i) = u−i . (4.17)
The harmonic projections of ψiα =
{
ψi, ψ¯i
}
are defined by
ψ+ = ψiu+i , ψ¯
+ = ψ¯iu+i , (4.18)
and the constraints (4.14) are rewritten as
D+D−u = D
+
D
−
u = 0, D+D
−
u+D
+
D−u = 0 , (4.19)
D+ψ+ = D
+
ψ+ = 0 , D++ψ+ = D++ψ¯+ = 0 . (4.20)
Here Diα =
(
Di, D
i
)
and D± = Diu±i , D
±
= D
i
u±i , D
±± = u±i∂/∂u∓i (in the central
basis of the harmonic superspace), with Dia given in (2.2). The relations (4.20) imply
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that ψ+, ψ¯+ are analytic harmonic N=4, d=1 superfields living on the analytic subspace
(ζ, u±i ) ≡ (tA, θ+, θ¯+, u±i ) which is closed under N=4 supersymmetry. In this setting, the
transformations of the hidden N=4 supersymmetry (4.16) are rewritten as
δ∗ψ+ =
1
2
[
η+D+D− − η+D+D− − 2η−D+D+]u ,
δ∗ψ¯+ =
1
2
[
η¯+D+D− − η¯+D+D− − 2η¯−D+D+]u ,
δ∗u = −η¯−ψ+ + η¯+ψ− + η−ψ¯+ − η+ψ¯− . (4.21)
The action is given by
S =
1
2
∫
dtd4θ u2 +
∫
dudζ−−ψ+ψ¯+ (4.22)
where dudζ−− = dudtAdθ
+dθ¯+ is the measure of integration over the analytic superspace.
The action (4.22) is manifestly N=4 supersymmetric since it is written in terms of N=4
superfields. However, its invariance with respect to the hiddenN=4 supersymmetry (4.21)
must be explicitly checked. The variation of the first term in (4.22) can be represented
as (we explicitly write only the terms involving the parameters η±)
δ
∫
dtd4θ
u2
2
=
∫
dtd4θdu
(
η−ψ¯+ − η+ψ¯−)u = 2 ∫ dtd4θduη−ψ¯+u , (4.23)
while the variation of the second term reads
δ
∫
dudζ−−ψ+ψ¯+ = −2
∫
dudζ−−D+D+
(
η−ψ¯+u
)
. (4.24)
Keeping in mind that ∫
dudζ−−D+D+ ≡
∫
dtd4θdu , (4.25)
we see that the action (4.22) is indeed invariant under N=8 supersymmetry.
4.3 Supermultiplet (2, 8, 6)
The N=8 superfield formulation of this supermultiplet involves two scalar bosonic super-
fields U ,Φ obeying the constraints
∇(ai∇b)jU = 0, ∇a(i∇bj)Φ = 0, (4.26)
∇aiU = DiaΦ, ∇aiΦ = −DiaU (4.27)
where we have identified indices i and A, a and α of the covariant derivatives, thus
retaining only two manifest SU(2) automorphism groups. From (4.26), (4.27) some useful
corollaries follow:
DiaDjaU +∇aj∇iaU = 0, Di(aDjb)U = 0, (4.28)
DiaDbiΦ+∇bi∇aiΦ = 0, D(iaDj)bΦ = 0. (4.29)
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Comparing (4.28), (4.29) and (4.26) with (4.11), (4.12), we observe that the N=8 super-
multiplet with the field content (2, 8, 6) can be obtained by combining two (1, 8, 7)
supermultiplets and imposing the additional relations (4.27) on the corresponding N=8
superfields.
In order to construct the invariant actions and to prove that the above N=8 constraints
indeed yield the multiplet (2, 8, 6), we should reveal the structure of this supermultiplet
in terms of N=4 superfields, as we did in the previous cases. However, in the case at
hand, we have two different choices to split the (2, 8, 6) supermultiplet
• 1. (2, 8, 6) = (1, 4, 3) ⊕ (1, 4, 3)
• 2. (2, 8, 6) = (2, 4, 2) ⊕ (0, 4, 4)
As already mentioned, the possibility to have a few different off-shell N=4 decompositions
of the same N=8 multiplet has been observed in our earlier paper [9]. It is related to
different choices of the manifest N=4 supersymmetries as subgroups of the N=8 super
Poincare´ group. We shall treat both options.
1. (2, 8, 6) = (1, 4, 3) ⊕ (1, 4, 3)
In order to describe the N=8 (2, 8, 6) multiplet in terms of N=4 superfields we should
choose the appropriate N=4 superspace. The first (evident) possibility is to choose the
N=4 superspace with the coordinates (t, θia) i.e. the same as in Subsections 4.1 and 4.2
(see eq. (4.3)). In this superspace one N=4 Poincare´ supergroup is naturally realized,
while the second one mixes two irreducible N=4 superfields which comprise the N=8 (2,
8, 6) supermultiplet in question. Expanding the N=8 superfields U ,Φ in ϑia, one finds
that the constraints (4.26), (4.27) leave in U and Φ as independent N=4 projections only
those of zeroth order in ϑia
u = U|ϑiα=0 , φ = Φ|ϑiα=0 . (4.30)
Each N=4 superfield proves to be subjected, in virtue of (4.26), (4.27), to the additional
constraint:
Di(aDjb)u = 0 , D(iaDj)bφ = 0 . (4.31)
Thus we conclude that our N=8 multiplet U ,Φ, when rewritten in terms of N=4 super-
fields, amounts to a direct sum of two N=4 multiplets u and φ, both having the same
off-shell field contents (1, 4, 3).
The transformations of the implicit N=4 Poincare´ supersymmetry completing the
manifest one to the full N=8 Poincare´ supersymmetry have the following form in terms
of these N=4 superfields:
δ∗u = −ηiaDiaφ, δ∗φ = ηiaDiau . (4.32)
It is rather easy to construct the action in terms of N=4 superfields u and φ, such
that it is invariant with respect to the implicit N=4 supersymmetry (4.32). The generic
action has the form
S =
∫
dtd4θF(u, φ) , (4.33)
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where the function F obeys the Laplace equation
Fuu + Fφφ = 0 . (4.34)
The simplest example of such an action is supplied by the free action
Sfree =
1
2
∫
dtd4θ
(
u2 − φ2) . (4.35)
One may wonder whether the latter action is positively defined or not. After passing
to the component fields we find that, with the following definition of the superspace
integration measure ∫
dtd4θ ≡ 1
24
∫
dtDiaDjaD
jbDib , (4.36)
and with the auxiliary fields eliminated by their equations of motion, the action (4.35)
yields the correct kinetic terms for the physical bosons
Sfree ∼
∫
dt
(
u˙2
2
+
φ˙2
2
+ fermions
)
. (4.37)
The sign minus between two terms in (4.35) is actually related to the difference between
the defining constraints (4.31) for the superfields u and φ and has no impact on the
positive definiteness of the component action. Below we shall meet more examples of such
fake “non-positive definiteness” of the superfield actions. The corresponding component
actions are correct in all cases.
An interesting subclass of the actions (4.33) is provided by those of the form:
S =
∫
dtd4θ
[
f(u) +
∞∑
n=1
gn(u)φ
2n
]
, (4.38)
with the additional conditions (which follow from (4.34))
2g1 = −f ′′, gn+1 = − g
′′
n
2(2n+ 1)(n + 1)
, (4.39)
where the primes denote the derivatives with respect to u. The immediate corollary is
that any action written in terms of the N=4 superfield u can be promoted to an invariant
of N=8 supersymmetry by adding the appropriate interaction with the superfield φ .4 For
example, the action of N=4 SCQM [6]
SN=4 =
∫
dtd4θ u logu
4One can equally start with an action of the superfield φ and promote it to an N=8 supersymmetric
action by turning on the appropriate interactions with u.
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can be generalized to have N=8 supersymmetry as
SN=8 =
∫
dtd4θ
[
1
2
u log(u2 + φ2)− φ arctan
(
φ
u
)]
=
1
2
∫
dtd4θ [(u+ iφ) log (u+ iφ) + (u− iφ) log (u− iφ)] . (4.40)
Note that the N=8 superconformal invariance of this action is not automatic and remains
to be checked.
2. (2, 8, 6) = (2, 4, 2) ⊕ (0, 4, 4)
There is a more sophisticated choice of a N=4 subspace in the N=8, d=1 superspace,
which gives rise to the second possible N=4 superfield splitting of the considered N=8
supermultiplet, that is into the multiplets (2, 4, 2) and (0, 4, 4).
First of all, let us define a new set of covariant derivatives
Dia = 1√
2
(
Dia − i∇ai) , Dia = 1√
2
(
Dia + i∇ai) , {Dia,Djb} = 2iǫijǫab∂t , (4.41)
and new N=8 superfields V,V related to the original ones as
V = U + iΦ, V = U − iΦ . (4.42)
In this basis the constraints (4.26), (4.27) read
DiaV = 0, DiaV = 0,
Di(aDjb)V +Di(aDjb)V = 0, D(iaDj)bV −D(iaDj)bV = 0. (4.43)
Now we split the complex quartet covariant derivatives (4.41) into two sets of the doublet
N=4 ones as
Di = Di1, Di = Di2, ∇i = Di2, ∇¯i = −Di1 (4.44)
and cast the constraints (4.43) in the form
DiV = 0, ∇iV = 0, DiV = 0, ∇iV = 0,
DiDiV −∇i∇iV = 0, Di∇jV −Di∇jV = 0 . (4.45)
Next, as an alternative N=4 superspace, we choose the set of coordinates closed under
the action of Di, Di, i.e.
(t , θi1 + iϑi1 , θi2 − iϑi2) , (4.46)
while the N=8 superfields are expanded with respect to the orthogonal combinations
θi1 − iϑi1, θi2 + iϑi2 which are annihilated by Di, Di.
As a consequence of the constraints (4.45), the quadratic action of the derivatives ∇i
and ∇i on every N=8 superfield V,V can be expressed as Di, Di of some other super-
field. Therefore, only the zeroth and first order components of each N=8 superfield are
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independent N=4 superfield projections. Thus, we are left with the following set of N=4
superfields:
v = V| , v¯ = V∣∣ , ψi = ∇iV∣∣ , ψ¯i = −∇iV∣∣ . (4.47)
These N=4 superfields prove to be subjected to the additional constraints which also
follow from (4.45)
Div = 0 , Div¯ = 0 , Diψj = 0 , Diψ¯j = 0 , Diψ¯j = −Diψj . (4.48)
The N=4 superfields v, v¯ comprise the standardN=4, d=1 chiral multiplet (2, 4, 2), while
the N=4 superfields ψi, ψ¯j subjected to (4.48) and both having the off-shell contents (0,
4, 4) are recognized as the fermionic version of the N=4, d=1 hypermultiplet.
The implicit N=4 supersymmetry is realized by the transformations
δv = −η¯iψi, δψi = −1
2
η¯iD2v¯ − 2iηiv˙,
δv¯ = ηiψ¯
i, δψ¯i =
1
2
ηiD
2
v + 2iη¯i ˙¯v . (4.49)
The invariant free action has the following form:
Sf =
∫
dtd4θvv¯ − 1
2
∫
dtd2θ¯ψiψi − 1
2
∫
dtd2θψ¯iψ¯
i . (4.50)
Let us note that this very simple form of the action for the N=4 (0, 4, 4) supermultiplet
ψi, ψ¯
j is related to our choice of the N=4 superspace. Indeed, with our definition (4.46),
the (0, 4, 4) supermultiplet is described by the doublet of chiral fermions with the
additional constraints (4.48) an essential part of which is simply the N=4, d=1 chirality
conditions. Therefore, the chiral superspace is the best choice to write the off-shell action
of the multiplet (0, 4, 4) in the present case. It is worthwhile to emphasize that all
differently looking superspace off-shell actions of the multiplet (0, 4, 4), viz. both terms
in (4.8), the action (4.22) and the last two terms in (4.50), yield the same component
action for this multiplet.
4.4 Supermultiplet (3, 8, 5)
This supermultiplet has been discussed in detail in [9] where it was termed as the ‘N=8
tensor multiplet’. Here we shortly remind its main features.
In the N=8 superspace this supermultiplet is described by the triplet of bosonic su-
perfields V ij obeying the irreducibility constraints
D(ia Vjk) = 0 , ∇α(iVjk) = 0 . (4.51)
So three out of four original automorphism SU(2) symmetries remain manifest in this
description.
The N=8 supermultiplet (3, 8, 5) can be decomposed into N=4 supermultiplets in
the two ways
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• 1. (3, 8, 5) = (3, 4, 1) ⊕ (0, 4, 4)
• 2. (3, 8, 5) = (1, 4, 3) ⊕ (2, 4, 2)
As in the previous case, we discuss both these options.
1. (3, 8, 5) = (3, 4, 1) ⊕ (0, 4, 4)
This splitting requires choosing the coordinate set (4.3) as the relevant N=4 super-
space. Expanding the N=8 superfields V ij in ϑiα, one finds that the constraints (4.51)
leave in V ij the following four bosonic and four fermionic N=4 projections:
vij = V ij∣∣ , ξiα ≡ ∇jαV ij∣∣ , A ≡ ∇αi ∇jαV ij∣∣ (4.52)
where | means restriction to ϑiα = 0. As a consequence of (4.51), these N=4 superfields
prove to obey the constraints
D(ia v
jk) = 0 , D(ia ξ
j)
α = 0 ,
A = 6m−DaiDajvij , m = const . (4.53)
Thus, for the considered splitting, the N=8 tensor multiplet superfield V ij amounts to a
direct sum of the N=4 ‘tensor’ multiplet superfield vij with the off-shell content (3, 4, 1)
and a fermionic N=4 hypermultiplet ξiα with the off-shell content (0, 4, 4), plus a constant
m of the mass dimension.
The transformations of the implicit N=4 Poincare´ supersymmetry which together with
the manifest N=4 supersymmetry constitute the full off-shell N=8 Poincare´ supersym-
metry have the following form in terms of the above N=4 superfields:
δ∗vij = η(iξj) − η(iξ¯j) , δ∗ξi = −2iηj v˙ij −
1
3
ηiDjDkv
jk + 6mηi (4.54)
where
ηi ≡ η1i , ηi ≡ η2i , ξi ≡ ξ1i , ξ¯i ≡ ξ2i . (4.55)
2. (3, 8, 5) = (1, 4, 3) ⊕ (2, 4, 2)
This option corresponds to another choice of the N=4 superspace, which amounts to
dividing the N=8, d=1 Grassmann coordinates into doublets with respect to some other
SU(2) indices. The relevant splitting of N=8 superspace into the N=4 subspace and the
complement of the latter can be performed as follows. Firstly, we define the new covariant
derivatives as
Da ≡ 1√
2
(
D1a + i∇a1) , Da ≡ 1√
2
(
D2a − i∇2a
)
,
∇a ≡ i√
2
(
D2a + i∇a2) , ∇¯a ≡ i√
2
(
D1a − i∇1a
)
. (4.56)
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Then we choose the set of coordinates closed under the action of Da, D¯a, i.e.(
t , θ1a − iϑa1 , θ1a + iϑa1
)
, (4.57)
while the N=8 superfields are expanded with respect to the orthogonal combinations
θa2 − iϑa2 , θa1 + iϑa1 annihilated by Da, D¯a.
The basic constraints (4.51), being rewritten in the basis (4.56), take the form
Daϕ = 0 , Dav −∇aϕ = 0 , ∇av +Daϕ¯ = 0 , ∇aϕ¯ = 0 ,
∇aϕ = 0, ∇av +Daϕ = 0 , Dav −∇aϕ¯ = 0 , Daϕ¯ = 0 (4.58)
where
v ≡ −2iV12 , ϕ ≡ V11 , ϕ¯ ≡ V22 . (4.59)
Due to the constraints (4.58), the derivatives ∇a and ∇a of every N=8 superfield in the
triplet (V12,V11,V22) can be expressed as Da, Da of some other superfield. Therefore, only
the zeroth order (i.e. taken at θa2−iϑa2 = θa1+iϑa1 = 0) components of each N=8 superfield
are independent N=4 superfield projections. These N=4 superfields are subjected to the
additional constraints which also follow from (4.58)
DaDav = DaD
a
v = 0 , Daϕ = 0 , Daϕ¯ = 0 . (4.60)
The N=4 superfields ϕ, ϕ¯ comprise the standard N=4, d=1 chiral multiplet (2, 4, 2),
while the N=4 superfield v subjected to (4.60) has the needed off-shell content (1, 4, 3).
The implicit N=4 supersymmetry acts on the N=4 superfields v, ϕ, ϕ¯ as follows:
δ∗v = ηaD
aϕ¯+ η¯aDaϕ , δ
∗ϕ = −ηaDav , δ∗ϕ¯ = −η¯aDav . (4.61)
The invariant N=4 superfield actions for both decompositions of the N=8 multiplet
(3, 8, 5) were presented in Ref. [9].
Finally, we note that the considered multiplet can be treated as a dimensional reduc-
tion of the N=2, d=4 tensor multiplet, whence its name ‘N=8 tensor multiplet’ used in
[9]. Three physical bosons of the d=1 case as compared to four bosonic degrees of freedom
of the d=4 case are related to the fact that one such degrees in d=4 is represented by the
‘notoph’. After reduction to d=1 the notoph field strength becomes a constant, and it is
just the constant m appearing in (4.53).
4.5 Supermultiplet (4, 8, 4)
This supermultiplet can be described by a quartet of N=8 superfields Qaα obeying the
constraints:
D
(a
i Qb)α = 0, ∇(αi Qβ)a = 0 . (4.62)
Let us note that the constraints (4.62) are manifestly covariant with respect to three
SU(2) subgroups realized on the indices i, a and α.
From (4.62) some important relations follow:
DiaDjbQcα = 2iǫijǫcbQ˙aα, ∇iα∇jβQaγ = 2iǫijǫγβQ˙aα . (4.63)
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Using them, it is possible to show that the superfields Qaα contain the following indepen-
dent components:
Qaα| , DiaQaα
∣∣ , ∇iαQaα∣∣ , Dia∇jαQaα∣∣ , (4.64)
where | means now restriction to θia = ϑiα = 0. This directly proves that we deal with
the irreducible (4, 8, 4) supermultiplet.
In order to construct the corresponding action, we pass to N=4 superfields. There are
three different possibilities to split this N=8 multiplet into the N=4 ones:
• 1. (4, 8, 4) = (4, 4, 0) ⊕ (0, 4, 4)
• 2. (4, 8, 4) = (3, 4, 1) ⊕ (1, 4, 3)
• 3. (4, 8, 4) = (2, 4, 2) ⊕ (2, 4, 2)
Once again, we shall consider all these three cases separately.
1. (4, 8, 4) = (4, 4, 0) ⊕ (0, 4, 4)
This case implies the choice of the N=4 superspace (4.3). Expanding the N=8 super-
fields Qaα in ϑiα, one may easily see that the constraints (4.62) leave in Qaα the following
four bosonic and four fermionic N=4 superfield projections:
qaα = Qaα| , ψia ≡ ∇iαQaα
∣∣ . (4.65)
Each N=4 superfield is subjected, in virtue of (4.62), to an additional constraint
Di(aqb)α = 0 , Di(aψb)i = 0. (4.66)
Consulting Section 1, we come to the conclusion that these are just the hypermultiplet qiα
with the off-shell field content (4, 4, 0) and a fermionic analog of the N=4 hypermultiplet
ψia with the field content (0, 4, 4).
The transformations of the implicit N=4 Poincare´ supersymmetry have the following
form in terms of these N=4 superfields:
δ∗qaα =
1
2
ηiαψai , δ
∗ψia = −2iηiαq˙aa . (4.67)
Harmonic superspace provides the most adequate framework for constructing the
action for this splitting. We introduce the harmonic variables parametrizing the coset
SU(2)/U(1) as in eq. (4.17) and define the harmonic projections of qaα, ψai by
q+α = qaαu+a , ψ
+i = ψiau+a , . (4.68)
Now the constraints (4.66) take the standard form of the Grassmann harmonic analyticity
conditions
Di+q+α = 0, Di+ψ+j = 0 (4.69)
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where Di+ = Diau+a . Thus, the superfields q
α+ and ψi+ live in the analytic harmonic
N=4, d=1 superspace (ζ, u±i ) ≡ (tA, θi+, u±a ). In this setting, the transformations of the
hidden N=4 supersymmetry (4.67) are rewritten as
δ∗qα+ =
1
2
ηiαψ+i , δ
∗ψi+ = −2iηiαq˙+α . (4.70)
The free action is
S =
i
2
∫
dudζ−−
(
qα+q˙+α −
i
4
ψi+ψ+i
)
. (4.71)
where dudζ−− = dudtAdθ
i+dθ+i is the measure of integration over the analytic superspace.
2. (4, 8, 4) = (3, 4, 1) ⊕ (1, 4, 3)
In order to describe thisN=4 superfield realization of theN=8 supermultiplet (4, 8, 4),
we introduce the N=8 superfields Vab,V as
Qaα ≡ δαb Vab − ǫaαV , Vab = Vba , (4.72)
and use the covariant derivatives (4.41) to rewrite the basic constraints (4.62) as
Di(aVbc) = 0, Di(aVbc) = 0, (4.73)
DiaV = 1
2
DibVab, DiaV =
1
2
DibVab . (4.74)
The constraints (4.73) define Vab as the N=8 superfield comprising the off-shell multiplet
(3, 8, 5), while, as one can deduce from (4.73), (4.74), the N=8 superfield V has the
content (1, 8, 7). Then the constraints (4.74) establish relations between the fermions
in these two superfields and reduce the number of independent auxiliary fields to four, so
that we once again end up with the irreducible N=8 multiplet (4, 8, 4).
Two sets of N=4 covariant derivatives(
Da, Da
) ≡ (D1a,D2a) and (∇¯a,∇a) ≡ (D2a,D1a)
are naturally realized in terms of the N=4 superspaces (t, θ1a + iϑ1a, θ2a − iϑ2a) and
(t, θ2a + iϑ2a , θ1a − iϑ1a). In terms of the new derivatives the constraints (4.73), (4.74)
become
D(aVbc) = D(aVbc) = ∇(aVbc) = ∇¯(aVbc) = 0,
DaV = 1
2
∇bVab, DaV = 1
2
∇¯bVab, ∇aV = 1
2
DbVab, ∇¯aV = 1
2
DbVab. (4.75)
Now we see that the ∇a, ∇¯a derivatives of the superfields V,Vab are expressed as Da, Da
of the superfields Vab,V , respectively. Thus, in the (θ2a + iϑ2a, θ1a − iϑ1a) expansions of
the superfields V,Vab only the first components (i.e. those of zero order in the coordinates
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(θ2a + iϑ2a, θ1a − iϑ1a)) will be independent N=4 superfields. We denote them v, vab. The
hidden N=4 supersymmetry is realized on these N=4 superfields as:
δv = −1
2
ηaDbv
ab +
1
2
η¯aDbv
ab, δvab =
4
3
(
η(aDb)v − η¯(aDb)v) , (4.76)
while the superfields themselves obey the constraints
D(avbc) = D(avbc) = 0, D(aDb)v = 0 , (4.77)
which are remnant of the N=8 superfield constraints (4.75).
The invariant free action reads
S =
∫
dtd4θ
(
v2 − 3
8
vabvab
)
. (4.78)
3. (4, 8, 4) = (2, 4, 2) ⊕ (2, 4, 2)
This case is a little bit more tricky. First of all we define the new set of N=8 superfields
W,Φ in terms of V ij ,V defined earlier in (4.72)
W ≡ V11,W ≡ V22, Φ ≡ 2
3
(
V + 3
2
V12
)
, Φ ≡ 2
3
(
V − 3
2
V12
)
(4.79)
and construct two new sets of N=4 derivatives Di,∇i from those defined in (4.41):
Di =
1√
2
(Di1 +Di1) , Di = 1√
2
(Di2 +Di2) ,
∇i = 1√
2
(Di1 −Di1) , ∇i = − 1√
2
(Di2 −Di2) . (4.80)
The basic constraints (4.73), (4.74) can be rewritten in terms of the superfields W,Φ
and the derivatives Di,∇i as
DiW = ∇iW = 0, DiW = ∇iW = 0, DiΦ = ∇iΦ = 0, ∇iΦ = DiΦ = 0,
DiW −DiΦ = 0, DiW +DiΦ = 0, ∇iW −∇iΦ = 0, ∇iW +∇iΦ = 0. (4.81)
The proper N=4 superspace is defined as the one on which the covariant derivatives
D1, D2,∇1,∇2 are naturally realized. The constraints (4.81) imply that the remaining
set of covariant derivatives, i.e. D2, D1,∇2,∇1, when acting on every involved N=8
superfield, can be expressed as spinor derivatives from the the first set acting on some
anotherN=8 superfield. Thus the firstN=4 superfield components of theN=8 superfields
W,Φ are the only independent N=4 superfield projections. The transformations of the
implicit N=4 Poincare´ supersymmetry have the following form in terms of these N=4
superfields:
δw = ǫ¯D1φ¯+ η¯∇1φ, δφ = −η∇1w − ǫ¯D1w¯ ,
δw¯ = ǫD1φ+ η∇1φ¯, δφ¯ = −ǫD1w − η¯∇1w¯ . (4.82)
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The free invariant action is
S =
∫
dtd4θ
(
ww¯ − φφ¯) . (4.83)
4.6 Supermultiplet (5, 8, 3)
This supermultiplet has been considered in details in Refs. [22, 9]. It was termed there
the ‘N=8 vector multiplet’. Here we sketch its main properties.
In order to describe this supermultiplet, one should introduce five bosonic N=8 su-
perfields Vαa,U obeying the constraints
DibVαa + δba∇iαU = 0 , ∇βiVαa + δβαDiaU = 0 . (4.84)
It is worth noting that the constraints (4.84) are covariant not only under three SU(2)
automorphism groups (realized on the doublet indices i, a and α), but also under the
SO(5) automorphisms. These SO(5) transformations mix the spinor derivatives Dia and
∇αi in the indices α and a, while two SU(2) groups realized on these indices consti-
tute SO(4) ⊂ SO(5). The superfields U ,Vαa form an SO(5) vector: under the SO(5)
transformations belonging to the coset SO(5)/SO(4) they transform as
δVαa = aαa U , δU = −2aαa Vαa . (4.85)
As in the previous cases we may consider two different splittings of the N=8 vector
multiplet into irreducible N=4 superfields
• 1. (5, 8, 3) = (1, 4, 3) ⊕ (4, 4, 0)
• 2. (5, 8, 3) = (3, 4, 1) ⊕ (2, 4, 2)
Once again, they correspond to two different choices of the N=4, d=1 superspace as a
subspace in the original N=8, d=1 superspace.
1. (5, 8, 3) = (1, 4, 3) ⊕ (4, 4, 0)
The relevant N=4 superspace is R(1|4) parametrized by the coordinates (t, θia) and
defined in (4.3). As in the previous cases, it follows from the constraints (4.84) that the
spinor derivatives of all involved superfields with respect to ϑiα are expressed in terms of
spinor derivatives with respect to θia. Thus the only essential N=4 superfield components
of Vαa and U in their ϑ-expansion are the first ones
vαa ≡ Vαa|ϑ=0 , u ≡ U|ϑ=0 . (4.86)
They accommodate the whole off-shell component content of the N=8 vector multiplet.
These five bosonic N=4 superfields are subjected, in virtue of (4.84), to the irreducibility
constraints in N=4 superspace
Di(avb)α = 0, Di(aD
b)
i u = 0. (4.87)
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Thus, from the N=4 superspace standpoint, the vector N=8 supermultiplet is the sum
of the N=4, d=1 hypermultiplet vαa with the off-shell component contents (4, 4, 0) and
the N=4 ‘old’ tensor multiplet u with the contents (1, 4, 3).
The transformations of the implicit N=4 Poincare´ supersymmetry are
δvaα = ηiαD
i
au , δu =
1
2
ηiαD
iavαa . (4.88)
2. (5, 8, 3) = (3, 4, 1) ⊕ (2, 4, 1)
Another interesting N=4 superfield splitting of the N=8 vector multiplet can be
achieved by passing to the complex parametrization of the N=8 superspace as(
t,Θiα = θiα + iϑαi, Θ¯
iα = θiα − iϑαi)
where we have identified the indices a and α, thus having reduced the number of manifest
SU(2) automorphism symmetries to just two. In this superspace the covariant derivatives
Diα,Djβ defined in (4.41) (with the identification of indices just mentioned) are naturally
realized. We are also led to define new superfields
V ≡ −ǫαaVαa , Wαβ ≡ V(αβ) = 1
2
(Vαβ + Vβα) , W ≡ V + iU , W ≡ V − iU .(4.89)
In this basis of N=8 superspace the original constraints (4.84) amount to
DiαWβγ = −1
4
(
ǫβαDiγW + ǫγαDiβW) , DiαWβγ = −1
4
(
ǫβαDiγW + ǫγαDiβW) ,
DiαW = 0, DiαW = 0 , (DkαDiα)W = (D
k
αD
iα
)W . (4.90)
Next, we single out the N=4, d=1 superspace as
(
t, θα ≡ Θ1α, θ¯α
)
and split our N=8
superfields into the N=4 ones in the standard way. As in all previous cases, the spinor
derivatives of each N=8 superfield with respect to Θ
2α
and Θ2α, as a consequence of the
constraints (4.90), are expressed as derivatives of some other superfields with respect to
θ¯α and θα. Therefore, only the first (i.e. taken at Θ
2a
= 0 and Θ2a = 0) N=4 superfield
components of the N=8 superfields really matter. They accommodate the entire off-shell
field content of the multiplet. These N=4 superfields are defined as
φ ≡ W| , , φ¯ ≡ W∣∣ , wαβ ≡ Wαβ∣∣ (4.91)
and satisfy the constraints following from (4.90)
Dαφ¯ = 0 , Dαφ = 0 , D(αwβγ) = D(αwβγ) = 0 , Dα ≡ D1α , Dα ≡ D1α . (4.92)
They tell us that the N=4 superfields φ and φ¯ form the standard N=4 chiral multiplet
(2, 4, 2), while the N=4 superfield wαβ represents the N=4 tensor multiplet (3, 4, 1).
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The implicit N=4 supersymmetry is realized on wαβ, φ and φ¯ as
δwαβ =
1
2
(
η(αDβ)φ¯− η¯(αDβ)φ
)
, δφ =
4
3
ηαDβwαβ , δφ¯ = −
4
3
η¯αDβwβα . (4.93)
An analysis of N=8 supersymmetric actions for the N=8 vector multiplet may be
found in [9]. Here we present only two examples of such actions.
The first action
S = 2
∫
dtd4θ
1
uˆ+
√
uˆ2 + 2vˆ2
(4.94)
corresponds to the splitting 1 above. It possesses both N=4 superconformal symmetry
and N=8 Poincare´ supersymmetry. The closure of these two supersymmetries yields the
whole N=8 conformal supersymmetry associated with the supergroup OSp(4⋆|4) [9].
The second action is constructed using the splitting 2. It includes the N=4 tensor
wαβ and the chiral φ, φ¯ multiplets. The free action invariant under the implicit N=4
supersymmetry (4.93) reads
Sfree =
∫
dtd4θ
(
w2 − 3
4
φφ¯
)
. (4.95)
The N=4 superconformally invariant action which is also invariant under (4.93) has the
very simple form
Skin = 2
∫
dtd4θ
log
(√
w2 +
√
w2 + 1
2
φφ¯
)
√
w2
. (4.96)
It is also OSp(4⋆|4) invariant.
Finally, we note that the multiplet (5, 8, 3) can be regarded as a dimensional reduction
of the abelian N=2, d=4 gauge multiplet [22] (this is the reason why sometimes it is
referred to as ‘N=8 vector multiplet’ [9]). Three extra physical scalar fields of the d=1
case come from the spatial components of the d=4 gauge vector potential which become
gauge invariant after reduction to d=1. The description of this multiplet in N=8, d=1
harmonic superspace was given in [34, 35].
4.7 Supermultiplet (6, 8, 2)
This supermultiplet can be described by two N=8 tensor multiplets V ij and Wab ,
D(ia Vjk) = 0 , ∇(iaVjk) = 0 , D(ai Wbc) = 0 , ∇(ai Wbc) = 0 , (4.97)
with the additional constraints
DajV ij = ∇biWab , ∇ajV ij = −DibWab . (4.98)
The role of the latter constraints is to identify the eight fermions which are present in V ij
with the fermions from Wab, and to reduce the number of independent auxiliary fields in
both superfields to two
F1 = D
a
iDajV ij | , F2 = DiaDibWab| , (4.99)
where | means here restriction to θia = ϑia = 0 .
There are two different possibilities to split this N=8 multiplet into the N=4 ones
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• 1. (6, 8, 2) = (3, 4, 1) ⊕ (3, 4, 1)
• 2. (6, 8, 2) = (4, 4, 0) ⊕ (2, 4, 2)
As before, we discuss peculiarities of both decompositions.
1. (6, 8, 2) = (3, 4, 1) ⊕ (3, 4, 1)
The corresponding N=4 supersubspace is (4.3). The N=8 constraints imply that the
only essential N=4 superfield components of V ij and Wab in their ϑ-expansion are the
first ones
vij ≡ V ij | , wab ≡ Wab| . (4.100)
These six bosonic N=4 superfields are subjected, in virtue of (4.97), (4.98), to the irre-
ducibility constraints in N=4 superspace
Da(ivjk) = 0 , Di(awbc) = 0 . (4.101)
Thus, the N=8 supermultiplet (6, 8, 2) amounts to the sum of two N=4, d=1 tensor
multiplets vij , wab with the off-shell field contents (3, 4, 1) ⊕ (3, 4, 1).
The transformations of the implicit N=4 Poincare´ supersymmetry are
δvij = −2
3
η(iaD
j)
b w
ab, δwab =
2
3
η
(a
i D
b)
j v
ij. (4.102)
The free N=8 supersymmetric action has the following form:
S =
∫
dtd4θ
(
v2 − w2) . (4.103)
2. (6, 8, 2) = (4, 4, 0) ⊕ (2, 4, 2)
In this case, to describe the (6, 8, 2) multiplet, we combine two N=4 superfields:
chiral superfield
Diφ = Diφ¯ = 0 (4.104)
and the hypermultiplet qia
D(iqj)a = D(iqj)a = 0 . (4.105)
The transformations of implicit N=4 supersymmetry read
δqia = ǫ¯aDiφ¯+ ǫaDiφ , δφ = −1
2
ǫ¯aDiqia , δφ¯ = −1
2
ǫaDiqia . (4.106)
The invariant free action is as follows:
Sfree =
∫
dtd4θ
(
q2 − 4φφ¯) . (4.107)
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4.8 Supermultiplet (7, 8, 1)
This supermultiplet has a natural description in terms of two N=8 superfields V ij and
Qaα satisfying the constraints
D(iaVjk) = 0, ∇α(iVjk) = 0, Di(aQαb) = 0, ∇(αi Qβ)a = 0, (4.108)
DajV ij = i∇iαQaα, ∇αj V ij = −iDiaQaα. (4.109)
The constraints (4.108) leave in the superfields V ij and Qaα the sets (3, 8, 5) and (4, 8, 4)
of irreducible components, respectively. The role of the constraints (4.109) is to identify
the fermions in the superfields V ij and Qaα and to reduce the total number of independent
auxiliary components in both superfields to just one.
For this supermultiplet there is a unique splitting into N=4 superfields as
(7, 8, 1) = (3, 4, 1)⊕ (4, 4, 0).
The proper N=4 superspace is parametrized by the coordinates (t, θia). The constraints
(4.108), (4.109) imply that the only essential N=4 superfield components in the ϑ-
expansion of V ij and Qaα are the first ones
vij ≡ V ij |ϑ=0 , qaα ≡ Qaα|ϑ=0 . (4.110)
These seven bosonic N=4 superfields are subjected, as a corollary of (4.108), (4.109), to
the irreducibility constraints in N=4 superspace
Da(ivjk) = 0 , Di(aqb)α = 0 . (4.111)
Thus the N=8 supermultiplet (7, 8, 1) amounts to the sum of the N=4, d=1 hypermul-
tiplet qaα with the (4, 4, 0) off-shell field content and the N=4 tensor multiplet vij with
the (3, 4, 1) content.
The implicit N=4 Poincare´ supersymmetry is realized by the transformations
δvij = −2i
3
η(iαD
j)
a q
aα , δqaα = − i
2
ηiαDjavij . (4.112)
The free action can be also easily written
S =
∫
dtd4θ
[
v2 − 4
3
q2
]
. (4.113)
4.9 Supermultiplet (8, 8, 0)
This supermultiplet is analogous to the supermultiplet (0, 8, 8): they differ in their
overall Grassmann parity. It is described by the two real bosonic N=8 superfields QaA,Φiα
subjected to the constraints
D(iaΦj)α = 0 , Di(aQb)A = 0 , ∇(αAΦβ)i = 0 , ∇α(AQaB) = 0 , (4.114)
∇αAQaA = −DiaΦαi , ∇αAΦiα = DiaQAa . (4.115)
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Analogously to the case of the supermultiplet (8, 8, 0), from the constraints (4.115)
it follows that the spinor derivatives of all involved superfields with respect to ϑαA are
expressed in terms of spinor derivatives with respect to θia. Thus the only essential N=4
superfield components in the ϑ-expansion of QaA and Φiα are the first ones
qaA ≡ QaA|ϑ=0 , φiα ≡ Φiα|ϑ=0 . (4.116)
They accommodate the whole off-shell component content of the multiplet (8, 8, 0).
These bosonic N=4 superfields are subjected, as a consequence of (4.114), (4.115), to the
irreducibility constraints in N=4 superspace
Da(iφj)α = 0 , Di(aqb)A = 0 . (4.117)
Thus the N=8 supermultiplet (8, 8, 0) can be represented as the sum of two N=4, d=1
hypermultiplets with the off-shell component contents (4, 4, 0) ⊕ (4, 4, 0).
The transformations of the implicit N=4 Poincare´ supersymmetry in this last case are
as follows:
δqaA = −1
2
ηAαDiaφiα, δφ
iα =
1
2
ηαAD
i
aq
aA. (4.118)
The invariant free action is
S =
∫
dtd4θ
[
q2 − φ2] . (4.119)
The most general action still respecting four SU(2) automorphism symmetries has the
following form:
S =
∫
dtd4θF (q2, φ2), (4.120)
where, as the necessary condition of N=8 supersymmetry, the function F (q2, φ2) should
obey the equation
∂2
∂q2∂q2
(
q2F (q2, φ2)
)
+
∂2
∂φ2∂φ2
(
φ2F (q2, φ2)
)
= 0. (4.121)
5 Summary and conclusions
In this paper, as a further development of findings of our previous paper [9], we pre-
sented superfield formulations of the full amount of off-shell N=8, d=1 supermultiplets
with 8 physical fermions, both in N=8 and N=4 superspaces. We listed all possible
N=4 superfield splittings of these multiplets. For each such splitting we gave the N=8
supersymmetric free N=4 superfield action, and for some special cases we quoted exam-
ples of N=8 supersymmetric actions with interaction. Only two of these d=1 multiplets,
(3, 5, 8) and (5, 8, 3) considered earlier in [9], can be understood in the framework
of the dimensional reduction N=2, d=4 → N=8, d=1. It is far from obvious whether
the N=8, d=1 off-shell superfield formulations of other multiplets considered here can be
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recovered in a similar way.5 Fortunately, there is no actual need to care about this since
our approach is self-consistent in d=1.
Our results are summarized in the Table below.
N=8 supermultiplets
Multiplet N=8 Superfields N=8 Constraints N=4 splittings
(0, 8, 8) ΨaA,Ξiα (4.1), (4.2) (0, 4, 4)⊕ (0, 4, 4)
(1, 8, 7) U (4.11), (4.12) (1, 4, 3)⊕ (0, 4, 4)
(2, 8, 6) U ,Φ (4.26), (4.27) (1, 4, 3)⊕ (1, 4, 3)
(2, 4, 2)⊕ (0, 4, 4)
(3, 8, 5) V ij (4.51) (3, 4, 1)⊕ (0, 4, 4)
(1, 4, 3)⊕ (2, 4, 2)
(4, 8, 4) Qaα (4.62)
(4, 4, 0)⊕ (0, 4, 4)
(3, 4, 1)⊕ (1, 4, 3)
(2, 4, 2)⊕ (2, 4, 2)
(5, 8, 3) U ,Vaα (4.84) (1, 4, 3)⊕ (4, 4, 0)
(3, 4, 1)⊕ (2, 4, 2)
(6, 8, 2) V ij ,Wab (4.97), (4.98) (3, 4, 1)⊕ (3, 4, 1)
(4, 4, 0)⊕ (2, 4, 2)
(7, 8, 1) V ij ,Qaα (4.108), (4.109) (3, 4, 1)⊕ (4, 4, 0)
(8, 8, 0) QaA,Φiα (4.114), (4.115) (4, 4, 0)⊕ (4, 4, 0)
These results should be regarded as preparatory for a more detailed study of the N=8
SQM models associated with the supermultiplets considered. In particular, it would be
interesting to reproduce these supermultiplets from nonlinear realizations of N=8, d=1
superconformal groups, construct the relevant superconformal actions and reveal a pos-
sible relation of the corresponding N=8 SCQM to the physics of branes and black holes.
An intriguing question is whether some dynamical models with higher N>8, d=1 super-
symmetry can be constructed by combining some of the N=8 multiplets considered in
this paper. For deeper geometrical understanding of the N=8 models proposed above, it
would be interesting to consider their Hamiltonian formulation, as it was done in [36] and
[18] for N=4 SQM.
It should be pointed out that in the present work we addressed only those multiplets
which satisfy linear constraints in the superspace. As we know, there exist N=4, d=1
multiplets with nonlinear defining constraints (e.g. nonlinear versions of the chiral (2, 4,
2) multiplet [8], as well as of the hypermultiplet (4, 4, 0) [37]). It would be interesting
to construct analogous nonlinear versions of some N=8 multiplets from the above set.
Also, in [31, 8] plenty of nonlinear off-shell relations between the N=4, d=1 superfields
listed in Section 2 were found, as a generalization of the linear relations described in
[29, 30]. These substitutions preserve the number 4 of the fermionic fields, but express
some auxiliary fields in terms of the time derivatives of physical bosonic fields. In the
5Perhaps one should start from an enlarged set of N=4, d=4 off-shell superfields, with broken Lorentz
covariance.
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N=8 case one can expect similar relations, and it is of interest to find the explicit form
of them and to explore their possible implications in N=8 SQM models.
Finally, in this paper we restricted ourselves to N=8, d=1 multiplets with a finite
number of off-shell components. It still remains to be understood how they are related to
multiplets with an infinite number of auxiliary fields, which naturally appear in various
versions of harmonic N=8, d=1 superspace (see e.g. [34, 38, 35]). Also, the relevance of
the latter to the N=8 SQM model building needs to be explored further.
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